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Abstract. The variance of a bounded linear operator a on a Hilbert space H 
at a unit vector g is defined by D(^(a) = ||ag|p — |(a^, We show that two 
operators a and b have the same variance at all vectors ^ g if and only if 
there exist scalars cr, A G C with |cr| = 1 such that fe = era + Al or a is normal 
and b = aa* + Al. Further, if a is normal, then the inequality D^(b) < KD^(a) 
holds for some constant k and all unit vectors ^ if and only if 6 = /(a) for 
a Lipschitz function / on the spectrum of a. Variants of these results for 
C*-algebras are also proved, where vectors are replaced by pure states. 

We also study the related, but more restrictive inequalities \\bx — xb\\ < 
\\ax — xa\\ supposed to hold for all x G B('H) or for all x g B('H") and all 
n £ N. We consider the connection between such inequalities and the range 
inclusion df,(B('H)) C da(B{'H)), where da and df, are the derivations on B('H) 
induced by a and b. If a is subnormal, we study these conditions in particular 
in the case when b is of the form b = /(a) for a function /. 



1. Introduction and notation 

The expected value of a quantum mechanical quantity represented by a self- 
adjoint operator a on a complex Hilbert space "H in a state lu is a; (a), while the 
variance of a is defined by Di^{a) = uj{a*a) — |a;(a)p. If a is the multiplication 
by a bounded measurable function on L'^{n) for a probability measure /i and lu 
is the state x i— )• {xl, 1), where 1 € is the constant function, these notions 

reduce to the classical notions of probability calculus. We may define the variance 
by the same formula for all (not necessarily selfadjoint) operators a G B('H). For a 
general vector state Lu{a) := (a^,^), coming from a unit vector ^ G "H, the variance 
Duj{a) — ~ OP means just the square of the distance of to the set of 

all scalar multiples of (Thus D^{a) — ria{£,)'^, where rj is the function considered 
by Brown and Pearcy in [7].) We will prove that an operator a is almost determined 
by its variances: if a, 6 e B('H) are such that D^{a) — D^{b) for all vector states uj 
then & = aa + /31 or a is normal and b = aa* + (31 for some a, /3 € C with |a| = 1 
(Theorem 2.3). We will also deduce a variant of this statement for C*-algebras, 
where vector states are replaced by pure states. 
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Then we will study the inequality 



(1.1) 



where k is a positive constant (which may be taken to be 1 if we replace h by 
K~^/%). If (1.1) holds for all vector states w, then we will show that there exists a 
Lipschitz function / : CTap(a) <7a.p{b), where crap(') denotes the approximate point 
spectrum, such that if a is normal then b = f(a) (Theorem 3.5). For a general a, 
however, / is perhaps not nice enough to allow the definition of /(a). Therefore we 
will also consider stronger variants of (1.1). 

For 2x2 matrices (1.1) implies that 6 = aa + /31 for some scalars a,/3 S C 
(Lemma 3.2). But for general operators the condition (1.1) is not very restrictive 
for it does not even imply that b commutes with a. For example, if a is hyponormal 
(1.1) holds with b = a* . A simple computation (Lemma 4.1) shows, however, that 
for a vector state w = the quantity D,^ (a) is just the square of the norm of the 
operator da{i®£,*), where da is the derivation on B(?^), defined by da{x) = ax — xa, 
and ^ ig) ^* is the rank one operator on H, defined by (^ (S> C)v = {V^O^- Thus we 
will also study the condition 



where a,b G B('H) and k > are fixed. We will show (Theorem 4.2) that if equality 
holds in (1.2) and k = 1 then either b = aa + XI for some scalars a,X G C with 
\a\ = 1 or there exist a unitary u and scalars a, j3, A, /i in C with \I3\ = \a\ such that 
a = au* + XI and b = /3u + /xl. This will also be generalized to C*-algebras. 

For a normal a Johnson and Williams [21] proved that the condition (1.2) is 
equivalent to the range inclusion df,(B('H)) C da(B{'H)). Their work was continued 
by several researchers, including Williams [37], Fong [16], Kissin and Shulman [23], 
Bresar [8] and in [9] in diff'erent contexts, but still restricted to special classes of 
operators a (such as normal, isometric or algebraic). It is known that the range 
inclusion db{B{'H)) C da{B{T-L)) does not imply (1.2) in general since it does not 
even imply that b is in the bicommutant (a)" of a [20]. However in Theorem 
5.8 we will prove that conversely (1.2) implies the range inclusion if a is a direct 
sum ai © a2, where the commutant (ai)' of ai contains a bounded net of trace 
class operators converging strongly to the identity, while (02)' does not contain any 
nonzero trace-class operator. Examples include all normal operators, isometrics 
and cyclic subnormal operators. The author does not know of any operators a, b 
satisfying (1.2) for which the range inclusion does not hold. The corresponding 
purely algebraic problem for operators on an (infinite dimensional) vector space V, 
where B('H) is replaced by the algebra L(V) of all linear operators on V and the 
condition (1.2) is replaced by the inclusion of the kernels keida C kevdb, has a 
positive answer [26]. 

By the Hahn-Banach theorem the inclusion db(B{H)) C da(B{'H)) (the norm 
closure) is equivalent to the requirement that for each p G B('H)'* (the dual of B('H)) 
the condition ap — pa = implies bp — pb = 0, where ap and bp are functionals on 
B('H) defined by {ap){x) = p{xa) and {pa){x) = p{ax). The operator spaces B('H) 
and B('H)'' are quite diff'erent (if % is infinite dimensional), so in general we can 
not expect a strong connection between (1.2) and a formally similar condition 



(1.2) 



\\db{x)\\ < 4da{x)\\ (Va;e B(H)), 



||6/9-/96|| < K;||ap-pa|| (Va; e B(^)l'). 
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Question. Does (1.2) imply at least that the centralizer Ca of a in B{'H)^ (that 
is, the set of all p G B('H)'' satisfying ap = pa) is contained in Cb? 

Using C*-algebraic tools, the above question can be reduced to the corresponding 
question in the Calkin algebra, and answered affirmatively if a is essentially normal 
(Corollary 5.11). We recall that an operator a is essentially normal if a*a — cm* is 
compact. 

A stronger condition than (1.2), namely that (1.2) holds for all x E M„(B(7^)) 
and all n e N (where a and b are replaced by the multiples a*-"^ and fe*^"^ acting on 
H"'), implies that (1.2) holds in any representation of the C*-algebra generated by 
a, b and 1 (Lema 6.1) and that b is contained in the C*-algebra generated by a and 1 
(Corollary 6.2). In a special situation (when "H is a cogenerator for Hilbert modules 
over the operator algebra Aq generated by a and 1) it follows that b must be in 
Aq (Proposition 6.3). If a is, say, subnormal (a restriction of a normal operator to 
an invariant subspace), this means that b = f{a) for a function / in the uniform 
closure of polynomials on a{a). Perhaps for a general subnormal operator a (1.2) 
docs not imply that b = f{a) for a function /, but when it docs, it forces on / 
certain degree of regularity. For example, if a is the operator of multiplication on 
the Hardy space H'^(G) by the identity function on G, where G is a domain in C 
bounded by finitely many nonintersecting analytic Jordan curves, (1.2) implies that 
b is an analytic Toeplitz operator with a symbol / which is continuous also on the 
boundary of G (Proposition 5.9). 

Let us call a complex function / on a compact set if C C a Schur function if the 
supremum over all (finite) sequences A = (Ai, A2, . . .) C K oi norms of matrices 



regarded as Schur multipliers, is finite. (Here the quotient is interpreted as if 
Ai = Aj.) If a is normal the work of Johnson and Williams [21] tells us that 
b = f{a) satisfies (1.2) if and only if / is a Schur function on a{a). In the 'only if 
direction we extend this to general subnormal operators (Lemma 5.5), in the other 
direction only to subnormal operators with nice spectra (Theorem 7.7). 

In the last section we will investigate the condition (1.2) in the case when a is 
subnormal and b = f(a) for a function /. If a is normal, a known effective method 
of studying such commutator estimates is based on double operator integrals (see [2] 
and the references there), which are defined via spectral projection valued measures. 
But, since invariant subspaces of a normal operator c arc not necessarily invariant 
under the spectral projections of c, we will use a different method. In Section 7 
we will 'construct' for a given subnormal operator a and suitable function / on 
cr(a) a completely bounded map Ta_f on B('H) such that aTa.f{x) — Ta,f{x)a = 
f(a)x — xf{a) for all x G B('H). For b = f{a) this implies (1.2) and also the range 
inclusion rff,(B(7/)) C da(B(7/)). Thus, by the above mentioned result from [21] 
even if a, is normal the functions / considered here must be Schur. By [21] every 
Schur function on a{a) is complex differentiable relative to 17(a) at each nonisolated 
point of a{a) (thus holomorphic on the interior of cr(o)) and /' is bounded. The 
construction of Taj applies to a subclass that includes all hmctions for which /' is 
Lipschitz of order a > 0; only if a{a) is nice enough are we able to find Taj for all 
Schur functions. 
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We will denote by S the norm closure and by S the weak* closure of a subset S 
in B{n). 

2. Variance of operators 

Definition 2.1. For a bounded operator a on a Hilbert space H and a vector ^ e 
let 

Dd<^)^{\H\mr-\H,o\')m-'- 

Thus, if ^ is a unit vector and w : x {x£,, ^) is the corresponding vector state on 
B(^), then 

D^{a) =uj{a*a) - |w(a)p, 

and this formula can be used to define the variance D^{a) of a in any (not just 
vector) state uj. 

Remark 2.2. (i) It is clear from the definition that D^{a) is just the square of the 
distance of to the set of scalar multiples of ^. Hence, if D^{b) < D^{a) for 
all ^ G "H, then in particular each eigenvector of a is also an eigenvector for b. 

(fi) D^{aa + (31) = \a\'^D^{a) for all a, 6 € B('H) and a,/3 € C. 

(iii) D^{a*) = D^{a) for all ^ e 'H if and only if a is normal. 

Theorem 2.3. // operators a,b ^ B('H) satisfy D^{b) — -D{(a) for all ^ G H, 
then there exist Q,/3 € C with \a\ = 1 such that b = aa + (3 or a is normal and 

h = ao* + 0. 

Proof. For any two vectors ^, ry G H wc expand the function 

fiz) := D«+.,(a) = ||a(C + Z77)f||^ + zrjf - \{a{^ + zv),C + 

of the complex variable z into powers of z and z, 

f{z) = D^{a) + 2Re {Diz) + 2Re{D2z'^) + D^lzf + 2Re {D^zfz) + Dr,{a)\z\^. 

Among the coeflacients Dj we will need to know only D2, which is 

D2 = (ar?,0(7?,^) - {ar],^){r},a0. 

Thus, from the equality £>|+2^(a) = D^+zTi{b), by considering the coefficients of z"^ 
we obtain 

From this we see that if 77 is orthogonal to ^ and then 77 must be orthogonal to 
b^ or to b*^. In other words, if for a fixed ^ we denote 

then 7^0(0 = U ^2(0- Since 'Hj(^) arc vector spaces, this implies that 

HiiO = V-aiO or else 7^2(6 = ^o(6- In the first case wc have b^ e + Ca^, 
while in the second case 6*^ G + Ca^. Since this holds for all ^ G 'H, it follows 
that H is the union of the two sets 

Fi = {^gH: b^GC^ + CO and F2 = G H : b*^ G + Ca^}. 

Since Fi and F2 are closed, by Baire's theorem at least one of them has nonempty 

o o 

interior Fi. Wc will consider only the case when Fit^ for the other case is similar 
(except that in the end the observation that D^{a*) = D^(a) (V^ G "H) implies 
the normality of a is used). We may assume that a is not a scalar multiple of the 
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identity, otherwise the proof is trivial. Then there exists a vector ^ G-Fi such that ^ 

o 

and are hnearly independent. (Namely, if = a^^ for all ^ G-Fi, where G C, 

o 

then considering this equality for the vectors C, and (l/2)(^ + (^) in Fi, where £, 
and ( are linearly independent, it follows easily that aj must be independent of ^ 
for ^ in an open subset of H, hence a must be a scalar multiple of 1.) Let 

o 

[/ = GFi: ^ and are hnearly independent}. 

Then for any S^.rj e U such that the 'segment' S,{z) = (1 — z)£^ + zr] {\z\ < 1) is 
contained in U , we have 

(2.1) h^{z) = a{z)a^{z) + f5{z)^{z) 

for some scalars a{z), (3{z) G C. To see that the coefficients a and (3 are holomorphic 
functions of z, for any fixed zq with |zo| < 1 we take the inner product of both sides 
of (2.1) with the vectors ^(^o) and a^{zo) to obtain two equations from which we 
compute a{z) and I3{z) by Cramer's rule (if z is near zo)- But from the condition 

D^(z)(b) = -Dj(2)(a) and (2.1) we also conclude that \a{z)\ = 1, hence a must be 
constant (for a fixed ^ and 77). Setting in (2.1) first z — and then z = 1 we get 

(2.2) = aaC + /3{0)^ and bij = aarj + l3{l)r], 

where the constant a (with \a\ = 1) is the same for all vectors ^,77 in an open 
subset of T-L. Namely, the coefficients in (2.2) are unique since rj and arj are linearly 
independent for all r] & U, hence by fixing rj and varying ^ in (2.2) we sec that a 
must be independent of ^. From (2.2) we have now that {b — aa)^ G for all 
vectors ^ in an open subset of H (with a constant a), which easily implies that 
b — aa — (31 for some constant (3 d C □ 

Corollary 2.4. // elements a,b in a C* -algebra A C B(H) satisfy D^(b) = Du{a) 
for all pure states oj on A, then there is a projection p in the center Z of the weak* 
closure R of A and central elements u\,zi G Rp, U2,Z2 € Rp'^, with ui,U2 unitary, 

such that bp = Uia + zi and hp^ = U2a* + Z2 and ap^ is normal. 

Proof. Since the condition Di^{b) = Di^{a) persists for all weak* limits of pure 
states on A and such states are precisely the restrictions of weak* limits of pure 
states on R by [17, Theorem 5], the proof immediately reduces to the case A = R. 
Let Z be the center of R, A the maximal ideal space of Z, for each f G A let Rt 
be the closed ideal of R generated by t and set R{t) := R/ (Rt). For any a G i? let 
a{t) denotes the coset of a in R{t). Since each pure state on R(t) can be lifted to 
a pure state on R, we have D^{b{t)) = D^{a{t)) for each pure state w on R{t) and 
each t G A. Since R{t) is a primitive C*-algebra by [19], it follows from Theorem 
2.3 that there exist scalars a{t),l3{t), with \a{t)\ = 1, such that 

(2.3) b{t) = a{t)a{t) + P{t)l 
or 

(2.4) b{t) = a{t)a{t)* + /3(i)l and a is normal 

Let Fi be the set of alH G A for which (2.3) holds, F2 the set of all those t for 

which (2.4) holds and U the set of all t such that a{t) is not a scalar. Since for each 
X G R the function 1 1-^ \\3:{t)\\ is continuous on A by [17], it is easy to see that U 
is open and Fi, F2 are closed. 
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To show that the coefhcients a and /3 in (2.3) and (2.4) are continuous functions 
of t on U, let t € U be fixed, note that the center of R{t) is CI and that R{t) is 
generated by projections, so there is a projection p( G R{t) such that {l—pt)a{t)pt ^ 
0. We may Uft l—pt and pt to positive elements x,y in R with xy = Q [22, 4.6.20]. 
Then from (2.3) 

(2.5) x{s)b{s)y{s) = a{s)x{s)a{s)y{s) (Vs e A), 

and \\{xay){s)\\ ^ for s in a neighborhood of t by continuity. Now let c Cz Z 
be the element whose Gelfand transform is the function s \\x{s)a{s)y{s)\\ and 
let (f) : R ^ Z he a, bounded Z-module map such that 4>{xay) ~ c. (Such a map 
may be obtained simply as the completely bounded Z-module extension to R of 
the map Z{xay) Z, z{xay), since Z is injcctivc [6].) Since (j) is a, Z module 
map, (j) is just a collection of maps (j)s : R{s) — t- Z{s) — C, hence from (2.5) we 
obtain a{s)c{s) = {(j){xby)){s). Since c{t) = \\x{t)a{t)y{t)\\ ^ 0, it follows that a is 
continuous in a neighborhood of t, hence continuous on U. Then, denoting by qo 
the projection corresponding to a clopen neighborhood Uq^U of t, we have from 
(2.3) that l3{t)qo{t) = e{t), where e = {bqo — aaqo) G Rqo, hence /3|f/o represents a 
central element of Rqo and is therefore continuous. 

Since A (hence also U) is a Stonean space and a (hence also /3) are bounded 
continuous functions, they have continuous extensions to U (see [22, p. 324]). If 
q & Z is the projection that corresponds to U, then aq-^ is a scalar in Rq'^, and 
it follows easily that bq-^ must also be a scalar. So we have only to consider the 
situation in Rq, which means that we may assume that U = A, hence that a and 

o 

P arc defined and continuous throughout A. The interior F :=Fi of Fi is a clopen 
subset such that (2.3) holds for t G F. Since the complement F'^ (= ) is contained 
in F2, (2.4) holds if t G F'^. Finally, let p G Z be the projection that corresponds 
to F, and let ui,Zi G Zp, U2, Z2 G Zp-^ be elements that corresponds to functions 

a\F, P\F, alF" and P\F'= (respectively). □ 

We note that the converse of Corollary 2.4 also holds, the proof follows easily 
from the well-known fact [22, p. 268] that if w is a pure state on a C*-algebra R 
then oj{xz) = uj{x)co{a) for all x G R and all z in the center of R. 

3. The inequality D^{b) < D^{a) 

Lemma 3.1. For any two operators a,b G B(?^) and any state tu on B(?^) the 
following estimate holds: 

|£)^(6)-£)„(a)| <2||6-a||(||a|| + ||6||). 

Proof. Since \uj{b*b- a*a)\ < ||6*6-a*a|| = ||(6* -a*)6 + a*(6-a)|l < |l&-a||(||&|| + 
||a||) and {^b^ - Ha^l = {Hb)\ + \aj{a)\) Mb)\ - \uj{a)\\ < (||a|| + 1|6||)||6- a||, 
we have 

\DUb) - DUa)\ = Hb*b - a*a) - (|w(6)|2 - \coia)\^)\ 
< \u;{b*b-a*a) + \iHb)\' - \u;ia)\')\\ < 2||6 - a||(||a|| + ||6||). 

□ 

Lemma 3.2. Let a,b G M2(C) (2x2 complex matrices), < e < 1/2, and let ai 
and j3i (i = 1,2) be the eigenvalues of a and b (respectively). 
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(i) If D^{b) < D^{a) for all unit vectors ^ G C^, then b = Oa + T for some scalar s 
e,T€C with \9\ < 1. 

(ii) If D^{b) < D^{a) + for all unit vectors ^ G , then 

1/32 < |a2-ai| + 2e(|la!|+2||6|| + l). 

Proof, (i) Since D^{a) = D^{a — Al) for all A e C, we may assume that one of 
the eigenvalues of a is 0, say a^2 = for a unit vector ^2 G C^. Then from 
< -0^2 (b) < D^^ (a) — Owe see that ^2 is also an eigenvector for b, hence (replacing 
6 by 6 — Al for a A e C) we may assume that 6^2 = 0. So, choosing a suitable 
orthonormal basis {^1,^2} of C^, we may assume that a and b are of the form 

6 



a = 



ai 7 




/3i 








Now we compute for any unit vector ^ = (A, fi) G (using |Ap + = 1) that 

D^ia) = ||a^||2_ = |^^a + - l(«iA + 7M)A|2 

= |Mp[|ainA|' + hflf^f + 2Re(ai7A7l)]. 

Using this and a similar expression for D^{b), the condition D^{b) < D^{a) can be 
written as 

(3.1) (|aip - lAHlAp + (|7|2 _ |5|2)|^|2 + 2Re {{a,-f - P,6)Xjl) > 0, 

which means that the matrix 

|ai|2-J/3i|2 ai7-/3i^ 
ai7-/3i<5 |7|'-|<5P 
is nonnegative. This is equivalent to the conditions 

< |ai|, l-^l < i7i and detM>0. 

Since detM = — |q:i(5 — /3i7p, the condition detM > means that ai5 
ax ^ 0, it follows that b is of the form 



M = 



17- If 



Pi —7 





^1 ^1 

= — a = Oa, where := — - 



hence |6'| < 1. 



If ai = 0, then /3i = (since |^i| < |q;i|), hence again b = 6a, where 6 = S/j if 
7y^0. 

(ii) As above, replacing a and 6 by a— Al and b—iil, where A and are eigenvalues 
of a and 6, we may assume that a and b are of the form 



ai 




7 








The norms of the new a and b are at most two times greater than the norm of 
original ones, which will be taken into account in the final estimate. If ^ = (1,0), 
then D^{b) = |(52p and D^{a) — 0, hence the condition D^{b) < -Dj(a) + shows 
that \S2\ < Thus, denoting by 60 the matrix 



60 = 



/3i <5i 




we have that ||6 — 6o|| < hence by Lemma 3.1 

\D^{b) - D^ibo)] < 2e^{\\bQ\\ + \\b\\) < 4\\b\\e^ for all unit vectors ^ e 
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It follows that 

D^ibo) < D^{a) + mie" + e^< D^{a) + e*mb\\ + 1). 
The same calculation that led to (3.1) shows now that 

- + ihf - \Si\'M + 2Re((ai7-/3i^i)A/l)] > -e\m + 1) 

for all A,^ G C with |Ap + — 1. Wc may choose the arguments of A and n so 
that (ai7 — l3iSi)XjI is negative, hence the above inequality implies that 

- -t) + (|7l' + \Si\^)t - 2|ai7 - /3iJi|V^(r~0] > -^\m + 1) 

for all t G [0, 1]. Setting t = e"^, it follows that 

(|ai|2 - |/3in(l - e') + (||af + \\br)e' > -e\m\ + 1), 
hence jaip - |/3i|2 > -£2(||a||2 + ||5||2 + ^^ + 

|^i|<|ai|+e(||a||+2||6|l + l). 

Taking into account that a2 and p2 were initially reduced to (by which the norms 
of a and 6 may have increased at most by a factor 2, this proves (ii). □ 

The approximate point spectrum of an operator a will be denoted by (Tap (a). 

Definition 3.3. If a,b € B('H) arc such that D^{b) < D^{a) for all ^ G "H, then 
we can define a function / : (Tap (a) — ^ o'ap(&) as follows. Given a G (Tap (a), let 
(^„) be a sequence of unit vectors in such that lim||(a — Q;l)^n|| = 0. Then 
from the condition Dj„(6) < D^^{a) we conclude that lim ||(6 — A„l)^,i|| = 0, where 
An = (^€n,Cn)- We wiU show that the sequence (A„) converges, so we define 

/(a) = limA„. 

Proposition 3.4. The Junction f is well-defined and Lipschitz: \f{(3) — f{a)\ < 
\P - a\ for all a,P e (Tap (a). 

Proof. Given e > 0, choose unit vectors ^, 77 G such that 

II (a - al)C|| < £ and || (a - ^1)?7|| < e. 

Let p be the projection onto the span of {^, r]} and let c be the operator on pH 
defined by = and ci] = (i-q. Then 

(3.2) l|a|pw-c||2 < \\{a-c)^f + \\{a-c)f^f<2e\ 

Let A = A* = (bil^v) and d the operator on pH defined by d^ = X£, and 

dr] = firi- Then, using the conditions D^{b) < D^{a) and Dn{b) < Dr,{a), we have 

(3.3) 

\\b\p-H - df < 11(6- A1)C||^ + 11(6- Ml)r?||^ < ||(a - «l)^f + \\{a 01)r,\\' < 2e\ 

Now by Lemma 3.1 and Remark 2.2(i) and since ||d|| < ||6||, ||c|| < ||a|| we infer 
from (3.2) and (3.3) that 

D^{d) < £'^(6) +4||(f- 6|p-H||||6|| < D^{b)+4sV2 and D^{c) > D^{a) - 'ieV2, 

hence (since D^{b) < D^{a)) 

D^{d) < D^{c) + 8eV2 for all^eK with ||^|| = 1. 

By Lemma 3.2 (ii) we now conclude that 

(3.4) l/i - Aj < 1/3 - a| + Ke, 
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where k is a constant. 

If (^„) and (?7„) arc two sequences of unit vectors in % such that hm||(a — 
Q;l)Cra|| = and lim ||(a — /31)77„|| = 0, we infer from (3.4) (since e can be taken to 
tend to as n — ^ oo) that 

(3.5) hmsup |/x„ - A„| < 1^ - q;|. 

Further, if ^ = a and we put in (3.4) A„ = (6^„, instead of A and Am = (&^m) ^m) 
instead of /i, we conclude that (A„) is a Cauchy sequence, hence it converges to a 
point A e C. From lim ||(6 - A„l)$„|| = it follows now that lim ||(& - Al)^„|| = 0, 
hence A e a'ap(6). Similarly the sequence (/i„) = {{br]n,r]n)) converges to some fi 
and (3.5) implies that 

l/x-AI < \f3-a\. 

This shows that / is a well-defined Lipschitz function. □ 

Theorem 3.5. Let a, G B('H). If a is normal, then there exists a constant k such 
that D^{b) < KD^{a) for all ^ & V. if and only if b = f{a) for a Lipschitz function 
f on a (a). In this case Di^{b) < KD^^{a) for all states ui. 

Proof. Assume that D^{b) < D^{a) for all ^ € "H. We may assume that a is not 
a scalar (otherwise the proof is trivial). First consider the case when a can be 
represented by a diagonal matrix diag (aj) in some orthonormal basis {^j) of "H. If 
f : a{a) — >■ (Tap (6) is defined as in Definition 3.3, then b^j = f{oij)^j for all j, hence 
b = f{a). 

For a general normal a, first suppose that Ti. is separable. Then by Voiculescu's 
version of the Wcyl-von Neumann-Bcrgh theorem [36], given £ > 0, there exists a 
diagonal normal operator c — diag (7^) such that \\a — c\\2 < s, where || • j|2 denotes 
the Hilbert-Schmidt norm. Let (^j) be an orthonormal basis of H consisting of 
eigenvectors of c, so that c^j = jjCj- Since D^.{b) < D^.{a), by Remark 2.2(i) 
there exist scalars (3j G C such that ||(6 — /3jl)Cj|| < II (a ^ 7jl)?ill = \\{(^ ~ c)OII' 
hence 

T.\\(b-PilM'<^\\{a-cM'<e'. 
3 j 
In particular ||6 — d\\ < e, where d is the diagonal operator defined by d^j = /Sj^j. 
Since d and c commute, it follows that 

||6c - c6|| = 11(6 - d)c - c{b -d)\\< 2e\\c\\ < 2e{\\a\\ + e) < Ae\\a\\ (if e < ||a||), 

hence also 

\\ba - a&ll = ||(6c - cb) + b{a - c) - {a - c)b\\ < 4e{\\a\\ + \\b\\). 

Since this holds for all £ > 0, it follows that a and b commute. If a has a cyclic 
vector this already implies that b is in (a)" hence a measurable function of a, but 
in general we need an additional argument to prove this. Let / : cr(a) — > (Tap(&) 
be defined as in Definition 3.3. (Note that a{a) = (7ap(a) since a is normal.) Let 
e(-) be the projection valued spectral measure of a, ^ e 7^ any separating vector 
for the von Neumann algebra (a)" generated by a and e > 0. If a is any point 
in cr(a), U is any Borel subset of a{a) containing a and £,u := \\e{U)£,\\~^e{U)^, 
then II (a — Q!l)^!7|| converges to as the diameter of U shrinks to 0. For each U let 
= {b^u,£.u) so that \\{b-l3ul)^u\\ < ||(a-al)Cc/||; then f{a) = limu^^^a} (3u by 
the definition of /. Thus, since by Proposition 3.4 / is a Lipschitz function, for each 
a e a{a) there is an open neighborhood Ua with the diameter at most e such that 
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\f{a) — Pu\ < £ for all Borel subsets U C Ua and 1/(0:2) — /(ai)| < e if ai, 0:2 G Ua- 
By compactness we can cover a (a) with finitely many such neighborhoods Ua^ and 
this covering then determines a partition of a {a) into finitely many disjoint Borel 
sets Aj (say j = l,...,n) such that each Aj is contained in some Ua^^)- Let 
Bj = e{Aj). Now we can estimate, denoting /3j = Paj, 

11(6 - /(a))e,-^|| <||(6 - /3,l)e,-C|| + |(/3,- - /(a,(,))|||e,e|| + ||(/(a,a))l - /(a))e,-e|| 
<||(a- o,f)e,-$|| + liPj - /(aio-))|||e,-^|| + ||(/(a,(,))l - /(a))e,-e|| 
<3£||e,a|. 

(Here we have used the spectral theorem to estimate the term || (/(^^(j))!— /(a))ej^j 
from above by sup^.^^^. |/(aj(j) — /(q;)| ||ej^|| < £||ej^||.) Since b commutes with a, 
hence also with all spectral projections of a, it follows that 

n n 

\\{h - /(a))?f =11 ^ e,{h - /(a))e,^f = ^ \\e,{b - /(a))e,ef 
j=i j=i 

n 

Thus 11(6— /(a)l)^|| < Sell^ll and, since this holds for all £ > and separating 
vectors are dense in H, we conclude that b = /(a). 

If H is not necessarily separable, H can be decomposed into an orthogonal sum of 
separable subspaces Hk that reduce both a and 6 and are such that (7(a\7ik) ~ cr(a). 
For each k there exists a Lipschitz function fk such that blHk = f{a\'Hk)- Since for 
any two fc, j the space 'Hk(B'Hj is also separable, there also exists a function / such 
that b\(nj e Hk) = fialiUj Hk)) and it follows easily that fk = f = fj. Thus 
b=f{a). 

Conversely, if 6 = /(a) for a function / such that 

1/(02) - /(ai)| < K,\a2 - Oil 

for all oi, 0:2 e a{a) and some constant k, then for a fixed unit vector ^ gH denote 

by /i the probability measure on Borel subsets of o"(a) defined by /i(-) = (e(-)^iC)- 
Since D^{a) is just the square of the distance of to and similarly for D^{b), 
the estimate 

||(/(a)-/(a))l^f =/ \f{X)-f{a)\'d^{X) 

< f k\X- dii{X) = K\\{a - al)^f 

J <7(a) 

implies that D^{b) < KD^{a). 

Finally, since any state lj is in the wcak*-closure of the set of all convex combi- 
nations of vector states and each such combination can be represented as a vector 
state on B('H") for some n e N, the argument of the previous paragraph (applied 
to a(") and = /(a^")) implies that D^{b) < D^{a). □ 

A variant of the above Theorem 3.5 was proved in [21] and generalized to C*- 

algebras in [9] , but both under the much stronger hypothesis that j] [6, .t] j] < k|1 [a, x]\\ 
for all elements x, where [a, a;] denotes the commutator ax — xa. (See Lemma 4.1 
below for the explanation of the connection between the two conditions.) 
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The following Corollary was proved in [9, 5.2] for prime C*-algebras, but under 
a much stronger assumption about the connection between a and b instead of the 
inequality Di^{b) < D^{a) for pure states uj. 

Corollary 3.6. Let A be a unital C* -algebra, a,b Cz A, a normal. If D^{b) < 
Dui{o) for all states w on A, then b = f{a) for a function f on a{a) such that 
~ /(A)| < Im ~ A| for all A, e a{a). If A is prime, it suffices to assume the 
condition for pure states only. 

Proof. The first statement follows immediately from Theorem 3.5 since we may 
assume that A C B('H) for a Hilbert space H and each vector state on B(H) 
restricts to a state on A. For the second statement, we note that the C*-algcbra 
generated by a and b is contained in a separable prime C*-subalgebra of A by 
[15, 3.1] (an elementary proof of this is in [25, 3.2]), and Aq is primitive by [29, p. 
102], hence we may assume that Aq is an irreducible C*-subalgebra of B('H). But 
then each vector state on B('H) restricts to a pure state on and each pure state 
on ^0 extends to a pure state on A. □ 

Corollary 3.7. Let a,b G B{n) satisfy D^{b) < D^{a) for all ^ & U. If a is 
essentially normal, then this implies that b = f{a) for a Lipschitz function f on the 
essential spectrum of a, where a denotes the coset of a in the Calkin algebra. 

Proof. Any state oj on the Calkin algebra can be regarded as a vector state on 
B('H) annihilating the compact operators. By Glimm's theorem (see [22, 10.5.55] 
or [17]) such a state w is a weak* limit of vector states, hence D^{b) < D^{a). The 
conclusion follows now from Corollary 3.6. □ 

Theorem 3.8. Let A C B('H) be a C* -algebra a,b ^ R and a normal. Denote by R 
the weak* closure of A and by Z the center of R. Then the inequality Di^{b) < Di^(a) 
holds for all pure states oj on A if and only if b is in the norm closure of the set 
S of all elements of the form ^jPjfj{o) (finite sum), where pj are orthogonal 
projections in Z with the sum J2j Pj = 1 '"^'^ fj ^''c functions on a{a) such that 
|/,(/i) - /,(A)| < Im - A| for all \, /i e a{a). 

Proof. Note that g{a{t)) = g{a){t) for each continuous function g on a{a). We will 
use the notation from the proof of Corollary 2.4. Similarly as in that proof, the 
condition that D^{b) < D^{a) for all pure states uj on A implies the same condition 
for all pure states on R{t) for all t G A and it follows then from Corollary 3.6 that 
for each t there exists a Lipschitz function ft on a{a{t)) with the Lipschitz constant 
1 such that b{t) = ft{a{t)). By Kirzbraun's theorem each ft can be extended to a 
Lipschitz function on a{a), denoted again by ft, with the same Lipschitz constant 
1. Given s > 0, since A is extremely disconnected and for each x G R the function 
t |la^(Oll is continuous on A by [17], each t G A has a clopcn neighborhood Ut 
such that ||/t(a)(s) — b{s)\\ < e for all s G Ut- Let {Uj) be a finite covering of A by 
such neighborhoods Uj := Ut^ and for each j let pj be the central projection in R 
that corresponds to the clopen set Uj, and set fj ■= fty Then 

\\b-J2Ma)\\<^- 

j 

Since this can be done for all £ > 0, 6 is in the closure of the set S as stated in the 
theorem. 
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Conversely, suppose that for each £ > there exists an element c G R of the 
form c = ^jPjfj{a), where pj € Z are projections with the sum 1 and fj are 
Lipschitz functions with the Lipschitz constant 1. Then for each pure state a; on i? 
and X R, z E Z the equality uj{zx) = uj{z)uj{x) holds [22, 4.3.14]). In particular 
ui\Z is multiplicative, hence uj{pjo) = 1 for one index jo and uj{pj) ~ if j ^ jo. It 
follows now by a straightforward computation that Di^{c) = D^{fj^,(a)), which is 
at most Doj (a) by the same computation as in the last part of the proof of Theorem 
3.5. Now, since ||6 — c|| < e, it follows from Lemma 3.1 that Du}{b) < Du{a). □ 

4. Is A DERIVATION DETERMINED BY THE NORMS OF ITS VALUES? 

Given an operator a G B('H), we will denote by da the derivation on B('H) defined 

by 

da{x) = ax — xa. 

For any vectors ^, 77 G 'H we denote hy ^(^r]* the rank one operator on defined 
by (g) ?7*)(C) = (C) v)^- The following lemma enables us to interpret the results of 
the previous section in terms of derivations. 

Lemma 4.1. For each ^ £ H and a e B('H) the equality \\da{£, ® = -^iW 
holds. 

Proof. Denote x = ^<^^*. The square of the norm of da{x) = a^®^* -^(g) (a*^)* is 
equal to the spectral radius of the operator T :— da{x)* da{x) , which is the largest 
eigenvalue of the restriction of T to the span Ho of ^ and a*^. If $, and a*$, are 
linearly independent, then the matrix of Tj'Ho in the basis {C, a*^} can easily be 
computed to be 

r D^{a) {^,aO{\Hr^\\a*a') ] 
D^{a) 

Thus ||(io(a;)||^ = D^{a). By continuity (considering perturbations of a) we see that 
this equality holds even if ^ and a*^ are linearly dependent . □ 

Theorem 4.2. If a,b & B('H) are such that 

(4.1) = ||a,x]|| forallxGB{n), 

then either b = aa + XI for some scalars a, A G C with \a\ = 1 or there exist a 
unitary u and scalars a,(3,X,iJ, in C with = |a| such that a = au* + XI and 
b = pu + fj,l. 

A variant of this theorem was proved in [9, 5.3, 5.4] in general C*-algebras, but 
under the additional assumption that a and b are normal. The methods in [9] are 
different from those we will use below. The author is not able to deduce Theorem 
4.2 as a direct consequence of the previous results; for a proof we will need two 
additional lemmas. We denote by a*^") the direct sum of n copies of an operator 
a G B('H), thus a^"^ acts on?/". We will also use the usual notation [x, y] := xy—yx, 
so that da{x) = [a,x]. 

Remark 4.3. We will need the following, perhaps well-known, general fact: for any 
bounded linear operators S,T : X ^ Y between Banach spaces the inequality 

(4.2) llTxIl < ||S'a;|| {x e X) 

implies ||rtt«?;|l < \\S^*v\\ {v S XW). This follows from [21, 1.1, 1.3], but here is 
a slightly more direct proof. The inequality (4.2) simply means that there is a 
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contraction Q from the range of S into the range of T such that T = QS. But then 
T"" = Q^'^S^^, which clearly implies the desired conclusion. 

The content of the following lemma was observed already by Kissin and Shulman 
in the proof of [23, 3.3]. 

Lemma 4.4. [23] Let a,b G B('H) and suppose that 



for allx e K(-H). If a is normal, then ||[6("\x]|| < ||[a("),x]|| for all x G M„(B(^)) 
(n X n rn,atrices with the entries in B('H) ) and all n G N. 

Proof. Since da = ((ia|K('H))"' (the second adjoint in the Banach space sense), it 
follows from Remark 4.3 that (4.3) holds for all x e B(7^). 

Suppose now that a is normal and note that (a)' is a C*-algcbra by the Fuglcdc- 
Putnam theorem. Since (4.3) holds for all x € B('H), b e (a)". Further, by (4.3) the 
map [a, a;] i-^- [b,x] is a contraction from da{B{y,)) to db{B{'H)). Clearly this map 
is a homomorphism of (a)'-bimodulcs, hence by [32, 2.1, 2.2, 2.3] it is a complete 
contraction, which is equivalent to the conclusion of the lemma. □ 

Remark 4.5. We will use below the following well-known fact. Given Cj,ej G B('H), 
an identity of the form J2^=i '^j^^j = 0? */ holds for all x e B('H), implies that 
all Cj must be if the ej are linearly independent. (See e. g. [3, Theorem 5.1.7]^. 

We refer to [6] or [28] for the definition of the injective envelope of an operator 
space used in the following lemma. 

Lemma 4.6. Let TZ = da{B{'H)) and let S be the operator system 



If a does not satisfy any quadratic equation over C then the C* -algebra C*{S) 
generated by S is irreducible and the injective envelope I{S) ofS is M2(B('H)). 

Proof. Since S contains the diagonal 2x2 matrices with scalar entries, each element 
of 5" (the commutant of S) is a block diagonal matrix, that is, of the form c ® e, 
where c, e G B('H). To prove the irreducibility of C*{S) means to prove that each 
selfadjoint such element c ® e is a scalar multiple of 1. Since c ® e commutes with 
elements of 5, we have that cy = ye for all y gTZ. Setting y = ax — xa in the last 
identity we obtain 

(4.4) cax — cxa — axe + xae — for all x G B(7{). 

Since in (4.4) the left coefficients ca, —c, —a and 1 are not all 0, it follows that 
1, a, e, ae are linearly dependent. Thus, if 1, a and e are linearly independent, then 
ae = al + Pa + 'ye for some scalars a, /?, 7 G C. Using this, we may rearrange (4.4) 

into 

(4.5) (ca + al)x + {/31 - c)xa + (7I - a)xe = 0. 

If l,a and e were linearly independent, then (4.5) would imply that a = 7I, but 
this would be in contradiction with the assumption about a. Hence 

(4.6) e = 61 + ria for some 6,ri gC. 



(4.3) 



\\[b,x]\\<\\[a,x]\\ 



S = 




y 
/i 
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Now (4.5) may be rewritten as 

[{a + 7(5)1 + (c - 61)a]x + + 777)1 - c - r]a]xa = 0, 

which implies (since 1 and a are linearly independent) that 

(a + 7(5)l + (c-(51)a = and (/3 + 777)1 - c - r/a = 0. 

Prom these two equahties it follows (by putting into the first equality the expression 
for c obtained from the second equality) that a satisfies the quadratic equation 

rja'^ + {6 - (3 - ■yT])a - {a + j5)l = 0. 

From the assumption about a it follows now in particular that r/ = 0, hence we see 
from (4.6) that e = 51. But then the identity cy = ye {y G TZ) implies that c = 61, 
hence c © e is a scalar multiple of the identity. 

It remains to consider the case when l,a and e are linearly dependent, say 
e = al + /3a (a, /3 e C). Then (4.4) can be rewritten as 

(4.7) (c - al)ax + {al - I3a- c)xa + (3xa^ = 0. 

Since l,a and are linearly independent by assumption, we infer from (4.7) that 
13 = 0. But then e = al and we conclude as above that c©e is also a scalar multiple 
of 1. This proves the irreducibility of C*{S). 

Since S contains nonzero compact operators, the identity map on S has a unique 
completely positive extension to C* {S) by the Arveson boundary theorem [5] , which 
implies that C*{S) C /(<S). (Otherwise a projection B{'H) I{S) restricted to 
C*{S) would be a completely positive extension oiidg, different from idc^s)-) But 
since C*{S) is irreducible and contains nonzero compact operators, it follows that 
C*{S) D M2{K{'H)), hence I{S) must contain the injective envelope /(M2(K(?/))), 
which is known to be M2(B(W)) [6]. □ 

Proof of Theorem 4-- 2. If a (or b) is a scalar multiple of 1 the proof is easy, so we 
assume from now on that this is not the case. If a satisfies a quadratic equation of 
the form 

a2 + /3a + 7l = (/3,7eC), 
then each element of (a)" is a polynomial in a (this holds for any algebraic operator 
a by [34]), hence in particular 6 is a linear polynomial in a, say b = aa + XI. Then 
the condition (4.1) obviously implies that \a\ = 1. Hence we may assume that a 
does not satisfy any quadratic equation over C. Further, if b is not of the form 
aa + XI (which we assume from now on), then by Theorem 2.3 and Lemma 4.1 a 
is normal and (replacing 6 by a6 + /3 for suitable a, ^ € C) we may assume without 
loss of generality that b = a* . 

Denote by TZa and TZi, the ranges of the derivations da and db and by Sa and 
Sb the corresponding operator systems (as in Lemma 4.6). Since a is normal, by 
Lemma 4.4 the map 

(t>:na^ TZb, 0([a, x]) := [6, x] {x G BCH)) 

is completely contractive and the same holds for its inverse, hence (j) is completely 
isometric and consequently the map 

^■.Sa^Sb, 

is completely positive with completely positive inverse, hence also completely iso- 
metric (see [28]). But then $ extends to a complete isometry tp between the injective 



a (j){y) 

iz)* P 
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envelopes I{Sa) and I{Sb) (since both $ and extend to complete contractions 
which must be each other's inverse by rigidity). Since a (and b = a*) does not sat- 
isfy any quadratic equation over C, these injective envelopes are both M2(B(H)) by 
Lemma 4.6, hence V' is a unital surjective complete isometry of M2(B(?^)) = B{'H^), 
thus by [6, 4.5.13] or [22, Ex. 7.6.18] (and since all automorphisms of B('H^) are 
inner) is necessarily of the form 

ijiy)^w*yw (yeB(H2)), 

where w G B('H^) is unitary. Since by definition tp fixes the projections of "H-^ on the 
two summands, w must commute with these two projections (by the multiplicative 

domain argument, sec [28, p. 38]), consequently w is of the form w = u <S) v for 
unitaries u,v G -B('H). It follows now from the definition of tp that <j) is of the form 

(j){y) = uyv {y e TZa), 

that is (j>{[a,x]) = u[a,x]v. Hence u[a,x]v = [b,x] for all x G B('H), which can be 
rewritten as 

(4.8) uaxv — uxav — bx + xb = (a; € B('H)). 

Thus by Remark 4.5 we see from (4.8) that v, av, 1, and b are linearly dependent. 
Hence, if 1, v and b are linearly independent, then av = al + Pb + jv, where 
a, /37 e C, and (4.8) can be rewritten as 

{ua — 'yu)xv — {au + b)x + (1 — Pu)xb = 0. 

But by Remark 4.5 this implies in particular that ua — "/u = 0, hence a = 7I, a 
possibility which we have excluded in the first paragraph of this proof. So we may 
assume that 1, v and b are linearly dependent. Then, since b = a* is not a scalar, v 
can not to be a scalar. Hence b = al + for suitable a, /? € C. Since v is unitary 

and a = b* , this concludes the proof. □ 

To extend Theorem 4.2 to C*-algebras we need a lemma. 

Lemma 4.7. Let A C B('H) be a C* -algebra, J a closed ideal in A, and let a,b € A 
satisfy \\ [b, x] \\ < \\ [a, x] \\ for all x G A. Then the same inequality holds for allx G A 
and also for all cosets x G A/ J. 

Proof. The statement about the quotinet was observed already in [9, Proof of 5.4] 
and follows from the existence of a quasicentral approximate unit (e^) in J [4]. 
Namely, the conditions || [a, e^] || , || [b, efe] (from the definition of the quasicentral 
approximate unit) and the well-known propery that = limfc ||y(l — efe)|| {y G A) 
imply that 

|i[6,i]|| =lim||[fe,a;](l-efe)|| = lim || [fe, x(l - efc)] < lim || [a, x(l - e^)] || = ||[a,i]||. 

k k k 

Let be the universal von Neumann envelope of A (= bidual of A) and regard 
A as a subalgebra in A"" in the usual way. Since d^J is just the derivation induced 
by a on A^"*, it follows from Remark 4.3 that the condition ||[6, a;]|| < ||[a,a;]|| holds 
for all xG A^K Since A is a quotient of A*"* , it follows from the previous paragraph 
(applied to A"" instead of A) that the condition holds also in A. □ 

Corollary 4.8. If A is a C-algebra anda,b G A are such that ||[6,a;]|| = ||a,a;]|| for 

all X G A, then there exist a projection p in the center Z of A and elements s,d G Zp 
with s unitary, and u, v, c,g,hG Zp^ with u, v unitary, such that bp = sa + d and 
ap-^ = cu* + g, bp^ = vcu + h. 
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Proof. If A is primitive tlic corollary follows immediately from Theorem 4.2 and 
Lemma 4.7 since A = BCH) if A is irreducibly represented on H. In general. Lemma 
4.7 reduces the proof to von Neumann algebras, where the arguments are similar 
as in the proof of Corollary 2.4, so we will omit the details. □ 

Corollary 4.9. //||[6,a;]|| < \\[a,x]\\ for all x € A then D^{b) < D^{a) for all pure 
states u on A. 

Proof. U TT : A ^ B(?^^) is the irreducible representation obtained from u) by the 
GNS construction, then 7r(A) = B('H7r), hence the corollary follows from Lemmas 
4.7 and 4.1. □ 

5. An inequality between norms of commutators 
In this section we study the inequality 
(5.1) <«||[a,x]|| (VxGB(7^)), 

where a,b £ B('H) are fixed and «; is a constant. For a normal a it is proved in [21] 
that (5.1) holds (for some k) if and only if 



(5.2) dt{B{n)) C da{B{n)). 

That for normal a (5.1) implies (5.2) can be easily proved as follows. We have 
seen in the proof of Lemma 4.4 that for normal a the condition (5.1) is equivalent 
to the fact that the map 

da{x) db{x) {x € B('H)) 

is a completely bounded homomorphism of (a)'-bimodules da(B{H)) — > db{B{H)). 
Then this map can be extended to a completely bounded (a)'-bimodule endomor- 
phism (j) of B('H) by the Wittstock theorem (see [6, 3.6.2]), hence we have 

db{x) = (t>{daix)) = da{4>{x)) (X G B(n)). 

This argument is perhaps easier than the one in [21], but the argument from [21] 
can be adapted to von Neumann algebras. 

Proposition 5.1. Let R C B{%) he a von Neumann algebra, a,b £ R and denote 
{aY := Rf\ (a)'. // x] < ||[a, a;]|| for all x £ R and a is normal, then there 
exists a normal bounded {aY-bimodule map ^ on R with < 4||6|| such that 
db\R ~ '>p{da\R) = {da\R)ip. Hence in particular db{R) C da{R). 

Proof. Since {aY is an abelian von Neumann algebra there exists a projection Eq 
from BCH) onto {aY which is an (a)'^-bimodule map [22, 8.3.12 and 8.7.24]. Let 

E = Eo\R and E-^ = 1 - E. Since E-^{R) (the kernel of E) is a complementary 
subspace to {aY, the restriction go := q\E-^{R) of the quotient map q : R ^ i?/(a)° 

is an isomorphism of (a)'^-bimodules. Denote by da ■ R/{aY — > da{R) the map 
induced by da and let 4> : da{R) db{R) be the continuous extension of the 
map da{x) n- db{x) {x E R), regarded as a map into R. Then the composition 
tjj := (jidaQoE-^ is easily seen to be an (a)'^-bimodule map such that tp{da\R-) = db\R, 
hence db\R= {da\R)i' (since a G {aY) and consequently db{R) C da{R)- The map 
is bounded with jjV'll < ||(/)Ja|| |ko|| < 2|10Ja|| < 4|16|1, but not automatically 
normal. However, ii ip = ipn + '4's is the decomposition into the normal part tpn and 
the singular part tps [22, Section 10.1], then the identity db\R— {dalRjipn = {da\R)'4's 
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implies that {da\R)ips — (since the left side of the identity is normal, while the 
right side is singular). Similarly il){da\R) = 0, hence we may replace ip by ipn- D 

We do not know if the range inclusion part of Proposition 5.1 can be extended 
to general C*-algcbras, but at least a somewhat weaker version holds. 

Corollary 5.2. In a C* -algebra A, if elements a,b satisfy ||[fe,a;]|| < j|[a,x]|| for all 
X € A and a is normal, then db{A) C 4||6||(ia(i3A), where Ba denotes the closed 
unit hall of A. In particular db{A) C da{A). 

Proof We may assume that A C B('H). Then by Lemma 4.7 ||[6,a;]|| < ||[a,a;]|| 
for all X € A, hence it follows from Proposition 5.1 that db{B-j) C A\\h\\da{B-j). 
Since the Kaplansky density theorem implies that da{B-^) = daiB^), it follows 
that db{BA) Q 4\\b\\da{BA) (1 A = 4:\\b\\db{BA), where for the last equality we have 



By [23, 6.5], if a is normal, (5.2) implies (5.1) in any C*-algebra A. The proof 

uses the special case A = B('H) proved earlier in [21]. We will sketch a somewhat 
simplified proof of this case, but first we need to recall a fact concerning operators 
in B{X,Y), the space of all bounded linear operators from X into Y, where X 
and Y are Banch spaces. Denote by X^ the dual of X and by the adjoint of 
T e B{X,Y). The following simple fact is well-known (see [21]). 



Lemma 5.3. Given S,T e B{X,Y), the inclusion T^{Y^) C S'»(F«) holds if and 
only if there exists a constant k such that 



for all ^€X. 

Since da = — (c;a|T('H))'*, where T('H) is the ideal in B('H) of trace class operators, 
the following is just a special case of Lemma 5.3. 

Corollary 5.4. Let a,be B{H). 

(i) The inclusion db(Q{H)) C da{Q{T-L)) holds if and only if there exists a constant 
K such thai \\db{t)\\ < K\\da{t)\\ for all t eT{'H). 

(a) The inclusion di,{T{H)) C (io(T(?^)) is equivalent to the existence of a con- 
stant K such that ||rfb(x)|| < K;||da(a;)|| for all x G K('H) or (equivalently, by Lemma 
4.7) for all X G B{n). 

Lemma 5.5. Let a £ B('H) be a subnormal operator and f a Lipschitz function 
on a{a). If a is not normal, assume that f is in the uniform closure of the set of 
rational functions with poles outside a{a), so that b := /(a) is defined. If ||[6, a;]|| < 
K||[a,a;]|| for all x € B{'H), then for each sequence (Aj) C a{a) the matrix A(/; A) 
defined by the right side of (5.5) is a Schur multiplier with the norm at most 2k. 
(That is, f is a Schur function on (T(a) as defined in the Introduction). Similarly, 
the condition \\[b,x]\\i < K;||[a, a;]||i for all x G T('H) implies that A(/; A) is a Schur 
multiplier on TCH) with the norm < 2k. 

Proof. First suppose that (Aj)™ j is a finite subset of the boundary da{a) of cr{a). 

Then each A^ is an approximate eigenvalue of a [11], hence there exists a sequence of 
unit vectors G T-L such that lim„ ||(a— Ajl)^i,„|| = 0. Since a— A^l is hyponormal, 
||(a - Ail)*^i,„|| < ||(a - Ail)^i,„|| and as n ^ cxd 



used [22, 10.1.4]. 



□ 



(5.3) 
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tends to lim„((a^i,„, ^j,„) - (^i^„, a*^j>i) = 0. Thus, if i ^ j, then \im{^i,n,£.j.n) = 0, 
so the set {^i,n, ■ ■ ■ , £,m,n} is approximately orthonormal if n is large. It follows that 
for each matrix a = [aij] G Mm(C) the norm of the operator x :~ 'YlTj=i '^i.jd.n 

is approximately equal to the usual operator norm of a. Further, for large n 
we have approximate equalities 

rn m 
i,j=l j,j=l 

and 

hence it follows from the assumption ||d6(a;)|| < K||(ia(a;)|| that 

(5.4) ||[/(A,) - f{Xj)aij]\\ < K\\[iXi - Xj)aij]\\. 

This estimate means that for a finite subset A = (Aj) of da{a) the matrix A(/; A) 
with the entries 



(5-5) Ai,j(/;A) 



0, if ^ = j 



acts as a Schur multiplier with the norm at most k on the subspace Em Q Mm(C) 
of matrices of the form [(Aj — Xj)aij]. Since Em is just the set of all matrices with 
zero diagonal and the natural projection from M„i(C) onto the subspace Dm of 
diagonal matrices has the Schur norm 1 (and A(/, X){Dm. = 0)), it follows that the 
norm of A(/; A) as a Schur multiplier on MmiC) is at most 2k. 

Now let A2, . . . , Xm be fixed elements of da{a) and consider the function 

Ai A(/;Ai,Ai,...,Am) 

from a{a) into the Banach algebra Mm(C) equipped with the Schur norm. Since 
this function is holomorphic on the interior of (j{a) and bounded on da{a) (by 2k), 
it follows that the Schur norm of A(/; Ai, A2, . . . , A^) is at most 2k for all Ai G cr(a). 
In the same way we show that the Schur norm of A(/; Ai, . . . , Am) is at most 2k for 
all Aj e a (a). Since the bound 2k is the same for all m, the lemma is proved. □ 

For a rank one operator x the operators da{x) and db{x) have rank at most two 
and on such operators the trace class norm is equivalent to the usual operator norm. 
If a is normal, we deduce now from Corollary 5.4, Lemma 4.1 and Theorem 3.5 that 
each of the two range inclusions 4(B(-H)) C da{^{%)) and db{T{%)) C da(TiH)) 
implies that b is of the form b = f{a) for a Lipschitz function / on <j(a). Then / is 
a Schur function by Corollary 5.4 and Lemma 5.5. 

If a is diagonal, the proof of Lemma 5.5 shows that (5.1) and its analogue for the 
trace norm hold for any Schur function / on a{a). Indeed, if A^ arc the eigenvalues 
of a and a matrix [a;,j] represents an operator x relative to the ortonormal basis 
consisting of eigenvectors of a, the inequality (5.1) (and its analogue in the trace 
norm) assumes the form 

(5.6) ||[(/(A0 - /(A,))a;,,,]|| < k||[(A, - X^)xij]\\. 

Since the obvious projection from B('H) (or T('H)) onto the subset of all diagonal 
matrices in B('H) (or in T('H)) is contractive (in the Schur norm), we see that (5.6) 
and its trace analogue are equivalent to the requirements that the matrix A(/; A) 
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defined as in (5.5) is a Schur multiplier on B('H) and T('H) (respectively). But it 
is well-known (and easy to see) that a matrix is a Schur multiplier on T('H) if and 
only if its transpose ia a Schur multiplier on B('H) and then the two have the same 
norm, hence the two conditions on / are equivalent. 

For a general normal a and a Schur function / on a{a), given e > 0, by the 
Weyl-von Neumann-Bergh theorem [12, Corollary 39.6] there exists a diagonal uq 
such that a{ao) C a{a), \\a — ao\\ < e and (approximating / by polynomials) 
||/(a) - /(ao)ll < e. Then for each x e B{H) with ||.t|| = 1 we have \\[f{a),x\\\ < 
II [/(oo), x] II + 2e < k|| [ao, x] || + 2£ < k|| [o, x] \\ + 2k£ + 2e, so || [/(a), x] \\ < k\\ [a, x] \\ . 
The same estimate holds also for the trace norm. Thus we may summarize the 
above discussion in the following theorem most of which was proved already by 
Johnson and Williams in [21] in a somewhat different way. 

Theorem 5.6. [21] If a E B(H) is normal, then for any b E B('H) the inclu- 
sion (ib(B('H)) C (ia(B(H)) holds if and only if there exists a constant k such that 
\\db{x)\\ < K\\da{x)\\ for all x € B('H) and this is also equivalent to the condition 
that b = f{a) for a Schur function f on a {a). 

If a is not normal, then the range inclusion (5.2) does not necessarily imply that 
6 e (a)" [20], hence it does not imply (5.1). But we will prove that conversely (5.1) 
implies (5.2), if a satisfies certain conditions which are much more general than 
normality. 

Proposition 5.7. Denote Ua := da{B{n)). Ifn^+ (a)' = B{n), then for each 
b S B('H) the condition (5.1) implies that TZf, C TZg^. Moreover, ifTZa = B('H), then 
there exists a weak* continuous [a)' -himodule map cf) on B('H) such that db = (l>da = 
dacj). 

Proof. By (5.1) the correspondence da{x) i— >■ db{x) extends to a bounded map 0o 
from TZa into TZb such that (pada = db. Note that (f)o{da{K{H))) C db(K{T-L)). 
Identifying 4(K(-H))W with da{K{H)) inside K(-H)W = B{H) in th e usual w ay, 
it follows that (j) := ^g" is the weak* continuous extension of (j)Q to da{B{%)) = 
(ia(K('H)) satisfying (f)da = db- Since is an (a)'-bimodule maps, so must be (j) by 
continuity, hence in particular 

dkix) = (f>{da{x)) = dac^ix) for all a; e ^ = da{B(H)) 

and consequently db{Tla) ^ T^a- Finally, to conclude the proof, note that the 
assumption TZa + (a)' — B('H) implies that TZb — db{TZa) since from (5.1) (a)' C 
{by = keTdb. □ 

By duality the condition rfa(B('H)) = B(7^) means that the kernel of da\T{'H) is 0, 

that is, (a)'nT('H) = 0. There arc many Hilbcrt space operators a which do not even 
commute with any nonzero compact operator. This is so for example, if a is normal 
and has no eigenvalues. (Namely, (a)' is a C*-algebra and contains the spectral 
projection p corresponding to any nonzero eigenvalue of each h = h* £ (a)'. Since 
p is of finite rank, ap, and therefore also a, has eigenvalues ii h ^ 0.) For a general 
normal a G B^H) we can decompose 7i into the orthogonal sum H = 7^i®7^2, where 
Hi is the closed linear span of all eigenvectors of a and T-L2 = T-L^. Then a also 
decomposes as ai © 02, where (02)' contains non nonzero compact operators, while 
(ai)' contains a net of finite rank projections converging strongly to the identity. 
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Another class of operators which admit the decomposition as in the previous 
paragraph are (rationally) cyclic subnormal operators. Such an operator can be 
decomposed into the direct sum of the normal and the pure part. An operator c in 
the commutant of the pure part ao is subnormal (by Yoshino's theorem [13, 5.4]), 
hence normal if compact [18]. But then the (finite dimensional) eigenspace Hq of c 
corresponding to a nonzero eigenvalue is invariant under ao and aol'Ho is normal, 
contradicting the purity of ao- (A general pure subnormal operator, however, can 
commute with a nonzero trace class operator; an example is in [38, 2.1].) By the 
Wold decomposition an isometry is a direct sum of a unitary and of copies of the 
unilateral shift, hence, the following theorem applies also to isometries. 

Theorem 5.8. Let a G B('H) and suppose that H decomposes into the orthogonal 
sum Hi ® 'H2 of two subspaces which are invariant under a, so that a = ai ® an, 
where ai e B{'Hi). If (oi)' n T('Hi) contains a bounded net (cfc) converging to 
1 in the strong operator topology, while (02)' n T('H2) = 0, then the condition 
\\dbix)\\ < \\da{x)\\ (ix e B(^); implies that db{B{n)) C da{B{n)). 

Proof. Since b € (a)". Hi and H2 are invariant subspaces for b, so b also decomposes 
as b — bi (B bn, where fej e B('Hi). Relative to the same decomposition of H each 
X & B('H) can be represented by a 2 x 2 operator matrix x = [xij] and 



Thus it suffices to show that for each pair (i,i) of indexes and for each Xij €E 
B{T-Lj,T-Li) the element b the range of the map (iai,a, defined on 

B{'Hj,'Hi) by dai,aj{y) = diU — yo-j- In the case i = 2 = j this follows from 
Proposition 5.7. We will now consider the case i = 1 and j = 2, the remaining two 
cases are treated similarly. 

From the norm inequality in the theorem we have in particular that 



such that (f>Qda2.ai — db2,bi- (To prove the bimodule property use that (a^)' C (&j)', 
which follows from (a)' C (5)'.) Now observe that the closure X of da2,ai (T(Hi, 'H2)) 

in the trace norm is contained in da2,ai (K(?^i, 7^2)) (the closure of da2,ai (1^(7^1, 7^2)) 
in the usual operator norm), and that X C T {Hi, Tin) is a nondegenerate right 
Banach module over the Banach algebra A := (ai)' n T{'Hi) since for each t G 
T(?^i,'H2) the operators tck converge to t in the trace norm. Moreover, (cfe) is a 
bounded approximate identity for A, hence by the Cohen-Hewitt theorem [10, p. 
108] each t G X can be factored as f = sc, where s £ X and c E A. Since 00 is 
a homomorphism of right (ai)'-modules (hence also of right A-modules), it follows 
that 0o(i) = 4>o{s)c, hence 0o(*) € T{Hi,H2) (since c G T('Hi)). Thus cpo maps 
X into T{Hi,H2)- Moreover, it is easy to verify that the graph of the restriction 
^ := 4>o\X is closed, hence tp is bounded by the closed graph theorem. Now from 
db2,bi\'^{'Hi,H2) = tp{da2,ai\T^{Hi,'H2)) we infer (by taking the dual maps) that 
— dai,a2'4'K where dai,a2 dai,a2 ^ B('H2,7^i) is the map 

induced by (iai,a2) hence the range of dbi,b2 is indeed contained in the range of 

dai,a2' ^ 



db{x) = 



61X1,1 - xi, 161 61X1,2 - a;i,2&2 
622:2,1 — 2:2,161 62X2,2 — 2:2,262 




^o-da2,aAny-i,y-2))^K{Ui,H2) 
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As customary, Kat{K) denotes the algebra of all rational functions with poles 
outside a compact subset K C C and, if /i is a positive Borel Measure on K, 
E?{K, jj) is the closure in of Rat (if). As before we denote by a the coset in 

the Calkin algebra C(?^) of an operator a G B(H). 

Proposition 5.9. Let K he a compact subset of C, a a subnormal operator with 
a{a) C K such that a is cyclic for the algebra Ra.t{K) and let c be the minimal 
normal extension of a. Assume that cr(c) C (T(a), let /i be a scalar spectral measure 
for c such that a is the multiplication on T-L := B?{K, jj) by the identity function z. 
Denote by p the orthogonal projection from JC := L^{i-i) onto % and assume that the 
only function h € C{a{c)) + {L°°(iJ,) D B?{K, ^)) for which the operator Th defined 
by Th{^) := p{fC) (£, € H) is compact is h = 0. Then for each b S B('H) satisfying 
\\[b,x]\\ < ||[a,a;]|| (x G B(7^)j there exists a function f G C{a{c)) f\B?{K,iJi) such 
thatb = f{c)\n. 

Moreover, if K is the closure of a domain G bounded by finitely many nonin- 
tersecting analytic Jordan curves and a is the multiplication operator by z on the 
Hardy space H'^{G), f can be extended to a Schur function on K. 

Proof. It is well-known that a rationally cyclic subnormal operator a can be repre- 
sented as the multiplication on E?'{K,ij) by the independent variable z [13, p. 51] 
and that (a)' = B?{K, n)r\L°°{fx) by Yoshino's theorem [13, p. 52]. Since b e (a)', it 
follows that h is the multiplication on B?{K, /i) by a function / G R^{K, /i)nL°°(/x). 

On the other hand a is essentially normal by the Berger-Show theorem [13, p. 
152], hence by Corollary 3.7 and Lemma 4.1 b = g{a) for a continuous function 
g on a{a). Further, since c is normal and a is subnormal and essentially normal, 
an easy computation with 2x2 operator matrices (relative to the decomposition 
K, = 'H®'H^) shows that the operator p-'-c*p is compact, hence (since a\sop^cp = 0) 
the map h i-^ Th from C{a{c)) into the Calkin algebra is a *-homomorphism. 
Thus it must coincide with the *-homomorphism h i— > h{c) since they coincide on 
the generator c. It follows in particular that b = g{a) = Tg, hence the operator 
Tg-f = Tg — b is compact. But by the hypothesis this is possible only if g — f = 0, 
hence / is continuous. 

In the case a is the unilateral shift, / is a continuous function on the circle and 
contained in the closure P^{n) of polynomials in i^(/x), where is the normalized 
Lebesgue measure on the circle. It is well known that such a function can be 
holomorphically extended to disc © such that the extension (denoted again by /) 
is continuous on D. By Lemma 5.5 / is a Schur function on D. Similar arguments 
apply to multiply connected domains by [1, 2.11, 1.1], [27, 4.3, 9.4]). □ 



Perhaps, in general, (5.1) does not even imply that db{Q{'H)) C (ia(B('H)), but 
a possible counterexample is not known to the author. Note, however, that by 
duality between T(-H) and B(-H) (5.1) implies that db{B{U)) C cia(B(-H)), hence in 

particular db(K('H)) C da{K{'H) since the weak topology agrees on K('H) with the 
weak* topology inhcreted from B{H). More generally, wc will see that the problem 
depends entirely on what happens in the Calkin algebra. 

For a C*-algebra A and a G A note that a functional p G A^ annihilates da{A) 
if and only if [a, p] = 0, where [a, p] G A"^ is defined by ([a, p]){x) ~ p{xa — ax). In 
other words, the annihilator in A^ of da{A) is just the centralizer Ca of a in AK 
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Proposition 5.10. If a, be B{n) satisfy \\[b,x]\\ < \\[a,x]\\ for all x G then 
II [6, a;] II < II [a, a;] II in the Calkin algebra C{H). If this latter inequality implies that 
Ca C Cj, then Ca C Cb also holds, hence db{B{U)) C d„(B(H)). 

Proof. The first statement follows from Lemma 4.7. To prove the rest of the propo- 
sition, first note that for any a S B('H) and a functional p & Ca the normal part 
Pn and the singular part ps are both in Ca- (Indeed, from [a,p\ = we have 
[a,/9„] = — [a,/9s], where the left side is normal and the right side is singular, hence 
both are 0.) Further, since p„ is given by a trace class operator t, [a, t] = 0, hence 
the hypothesis of the proposition implies that [6, t\ = 0, so [6, = 0. Since sin- 
gular functionals annihilate K('H), they can be regarded as functionals on C('H). 
Thus, if the condition < ||[a,a;]|| [x S C('H)) implies that Cd C Cj, then 

we have ps G Cy and consequently also p & Cb- This proves that Ca C Cb and the 

Hahn-Banach theorem then implies that d(,(B('H)) C do(B('H)). □ 

Corollary 5.11. Suppose a,b G B('H) satisfy (5-1)- If a is essentially normal, then 
db{B{H)) C da{B{H))- 

Proof By Lemma 4.7 and Corollary 5.2 d(,(C(W)) C da{C{n))- Now Proposition 
5.10 completes the proof. □ 

6. Commutators and the completely bounded norm 

In this section wc will study stronger variants of the condition ||[6, a;]|| < ||[a, a;]|| 
(x e B(H)) in the context of completely bounded maps. 

Lemma 6.1. Ifa,bG B('H) satisfy 

(6.1) ||[6("),a;]|| < ||[a("\a;]|| for all x eUr.iBi'H)) and all n € N, 
then 

(6.2) \Mb),x]\\ < \Ma),x]\\ forallx€B{H„) 

for every unital * -representation n : A ^ B{HTr) of the -algebra A generated by 
1, a and b. 

Proof- First assume that is separable. Let J = K('H) n A, Hn = [7r(J)'H7r], 
and let 7r„ and Ws be the representations of A defined by nn{a) = 7r(a)|7^„ and 
7rs(a) = Tr{a)\H:j; (a E A), so that tt = 7r„ © tTs. By basic theory of representations 
of C*-algebras of compact operators 7r„ is a subrepresentation of a multiple id*^"') of 
the identity representation. By Voiculescu's theorem ([35], [4]) the representation 
TT (Bid is approximately unitarily equivalent to Hn^id, hence 7r©i(i is approximately 
unitarily equivalent to a subrepresentation of id^"^^^\ It follows easily from (6.1) 
that (6.2) holds for any multiple of the identity representation in place of tt, hence 
it must also hold for any subrepresentation p of id^"^^^^ (to sec this, just take in 
(6.2) for X elements that live on the Hilbert space of p). But then it follows from 
the approximate equivalence that the condition (6.2) holds for tt ® id in place of tt, 
hence also for tt itself. 

In general, when y.^ is not necessarily separable, 'H-^ decomposes into an orthog- 
onal sum ®i^iHi of separable invariant subspaces for 7r(A). For a fixed x G B('H^) 
there exists a countable subset J of I such that the norm of the operator [TT{b),x] 
is the same as the norm of its compression to £ := ©ieiKj. Since £ is separable, it 
follows from what we have already proved that ||[7r(6),a;]|| < ||[7r(a),a;]||. □ 
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Corollary 6.2. If a,b B(?^) satisfy (6.1) then b is contained in the C -algebra 
B generated by a and 1. 

Proof. Let tt be the universal representation of ^ = C*(a, &, 1) and its Hilbert 
space. It follows from Lemma 6.1 that 7r(6) e (7r(a))", hence also 7r(6) S tt{B)" . 
But 7r(S)" = 7r(B), thus 7r(6) G 7r(B) n 7r(A) = 7r(B) by [22, 10.1.4]. □ 

Let us say that a completely contractive Hilber module over an operator algebra 
A (that is, a Hilbert space on which A has a completely contractive representa- 
tion) is a cogenerator if every completely contractive Hilbert A-module is contained 
(completely isomorphically) in a multiple of H (that is, in a direct sum of copies of 
H). Here by an operator algebra we will always mean a norm complete algebra of 
operators on a Hilbert space. 

Proposition 6.3. If a,b € B('H) satisfy (6.1), where % is a cogenerator for the 

operator algebra Ao generated by a and 1, then b ^ Aq. 

Proof. Let tt be the universal representation of the C*-algebra A generated by 
l,a and h. Then 'H^- (the Hilbert space of tt) is a cogenerator for Aq, hence by 

the Blecher-Solcl bicommutation theorem (see [6, 3.2.14]) 7r(j4o) = 7r(j4o)". From 
Lemma 6.1 7r(6) e 7r(Ao)", hence 7r(5) € 7r(Ao)n7r(A) = 7r(Ao) by [22, 10.1.4]). □ 

Remark 6.4. Let a, 6 G B('H), Aq the norm closed operator algebra generated by a 
and 1, and "Ho the direct sum of infinitely many copies of the Hilbert space of the 
universal representation of C^-^^-J^Aq) (the maximal C*-covcr of Aq, sec [6]). Then 
there exists a natural *-homomorphism q from Cj!^ax(^o) onto C*{Aq) (the C* 
subalgebra of B{'H) generated by ^o)- If (6.1) holds, then b e C*{Aq) by Corollary 
6.2, hence b = q{bo) for some bo S C^g^^{Ao). If bo can be chosen so that 

(6.3) \\[bo,x\\ < II [a, x] II for all a; e BCHo), 

then it follows by Proposition 6.3 that bo can be approximated by polynomials in 
a and 1, hence so can be b. If in addition a is subnormal, then we conclude that 
b = f{a) for a function / in the uniform closure of polynomials on a{a). 

For a general subnormal operator a the condition (6.1) (in contrast to its more 
involved version (6.3)) does not imply that b is in the uniform closure of polynomials 
in a, however the author does not know if it implies that b is of the form b = f{a) 
for some more general function /. 

Problem. If in (6.1) a is subnormal, is then b necessarily of the form b = f{a) 
for some function /? Is b necessarily subnormal? 

7. Commutators of functions of subnormal operators 

In this section we will show for a subnormal operator a and a sufficiently regular 
function / an estimate of the form 

(7.1) ||[/(a),a;]|| <K||[a,a;]|| \/x &B{H). 

By Lemma 5.5 such an estimate can hold only for Schur functions, but we are able 
to prove (7.1) for all Schur functions only if a{a) is nice (Theorem 7.7). It follows 
from the proof in [21, Theorem 4.1] that a Schur function / is complex differentiable 
in the sense that the limit /'(Co) = limc^Co, i(^c(a){f{C,) - ,/'(Co))/(C - Co) exists at 
each non- isolated point of cr(a). Moreover, from the Lipschitz condition on / we 
see that /' is bounded. However, the boundedness of /' is not sufficient for / to 
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be a Schur function. When a is selfadjoint it is proved in [21, 5.1] that (7.1) holds 
if Z*^"^) is continuous. We will prove (7.1) for subnormal a under a much milder 
condition on / (for example, /' Lipschitz suffices), but perhaps when a is normal 
our condition on / is more restrictive than Poller's condition that / is a restriction 
of a function from the appropriate Besov space (see [30] and [2]). 
We will start from the special case of the Cauchy-Green formula 

(7.2) ,(A) = -i/M^.m(C), 

which holds for a compactly supported differentiable function g such that dg is 
bounded. Here m denotes the planar Lebesgue measure and dg = (1/2)(|| + «f|)- 
(The proof in [31, 20.3] is valid for functions with the properties just stated.) We 
note that an operator calculus based on the Cauchy-Green formula was developed 
by Dynkin [14] , however we will need rather different results, specific to subnormal 
operators. 

Lemma 7.1. If a G B('H) is a suhnorm,al operator and g : C ^ C is a differentiable 
function with compact support such that dg is bounded and dg\a{a) = 0, then 

(7.3) {g[a)r],0=-- [ dgiOm-a)-\Odm{0, {^,veU). 

^ Jc\a{a) 

Proof. Let c e B(/C) be the minimal normal extension of a, e the projection valued 

spectral measure oi c, K — (j(a) and H = {( : dg{C) 7^ 0}. For rj E H and 
^ e /C denote by fi the measure (e(-)?7,^). Then by the spectral theorem g{c) = 
5(A) de{X) and (CI - c)-^ = /^(C - A)"^ rfe(A) for each (eC\K {in particular 
foT ( G H since H nK = because of d\K = 0), hence by (7.2) 

{9{c)v,0= [ 5(A)rfMA)=-- / / 9i/(C)(C-A)-idm(C)dMA) 
Jk Jk Jh 

= -- [ MO [ (C-A)-i(iMA)rfm(C) 
Jh Jk 

= [ dgiO{ia-cr\Odm{0 = -- [ dg{0m-ar\0dm{0. 

Jh Jc\<j{a) 

For all £, G "H"*" the last integrand is since {(1 — a)~^r] G H, hence g{c)r] G H. 
Thus y, is an invariant subspace for g{c) and the usual definition of g{a), namely 
g{a) := g{c)\H (sec [13, p. 85]), is compatible with (7.3). To justify the interchange 
of order of integration in the above computation, let M = sup^gc 1^^5(01 let R 
be a constant larger than the diameter of the set H — K, so that for each X G K 
the disc D{\, R) with the center A and radius R contains H. Introduce the polar 
coordinates by ^ = A + re"^. Then by Fubini's theorem 

/ / l%(C)||C-Al-VH(A)dm(C) <M / / |C-A|-irf|M|(A)dm(C) 
JhJk JhJk 

= M [ [ \C,-\\-^dm{C,)dn{\)<M j [ |C - A|-^ rfm(C) rf|/x|(A) 
Jk Jh Jk Jd{\,r) 

= M / drd(f)d\fi\=2nMR\ij.\{K) < 00. 

JkJo Jo 

□ 
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Now, if a and g are as in Lemma 7.1 and if 6 = g{cL), we may compute formally 
for each x G B('H) 

[b,x] = {g{a),x] = -- [ dgiOm-a)-\x]dm{0 

Jc\a{a) 

= -- [ dg{0{a-ar'hx]{Cl-a)-Um{0 = [a,T^j{x)], 

where 

(7.4) T,j{x) ■■=--[ Mem - ar'xiCl - a)-i dm(C). 

^ JC\(t(o) 

The problem here is, of course, the existence of the integral in (7.4). We have to 
show that the map 

(7.5) irj,0 ^ / MOim - a)-\ (CI - a^-'O dm{0 

^ JC\a(a) 

is a bounded sesquilinear form on %. The following lemma will be helpful. 
Lemma 7.2. Let a, g and K := <j{a) he as in Lemma 7.1. If 

(7.6) K := sup / \dg\\C - X\-'^ rfm(C) < oo, 

then the sesquilinear form defined by (7.5) is bounded by ;^||a;||K. 

Proof. For any t > 0, using first the Schwarz inequality and then the inequality 
c^P < |(*^0!^ +t~'^l3^) (a, /3 > 0) to estimate the inner product in the integral in 
(7.5), we see that the integral in (7.5) is dominated by 

M I \dg{0\\m-a)-^ml^-a*)-H\\dm{0< 

Jk<' 

Using the notation from the proof of Lemma 7.1 (with /i(-) := (e(-)^, ^)) and (7.6), 
we have 

/ \-dg{0\\m-a)-'^fdm{0=[ idgiOl [ \C - X\-' dn{X) dm{0 
Jc\K Jh Jk 

= 11 \dg{0\\C-A-^dm{Ody.{X)<^i,i{K) = Km\\ 
Jk Jh 

Since a similar estimate holds with r} in place of ^, it follows that 

/ |%(C)III(C1 - a)-'^llll(Cl - dm{Q < K{t^hf +t-^Uf). 

JH 

Taking the infimum over all < > we get 

- / i%(c)iiit(a-a)-^iiir'(a-a*)-'eiMm(c)<-/^iMiii^^^ 

Jh 

□ 
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Remark 7.3. Lemma 7.2 applies, for example, if dg is a Lipschitz function of order 
a, that is \dg{C) — 9g(Co)| < /^|C ^ Col" (Ci Co G C) for some positive constants a and 
/3, with Qglii' = 0. In this case the integral (7.6) may be estimated by noting that 
the Lipschitz condition (together with dg\K = 0) implies that |i95(C)| < P^iCiK)", 
where 6{C, K) is the distance from C, to K. Let i? > be so large that for each X G K 
the closed dies D{X, R) with the center A and radius R contains H. Introducing 
the polar coordinates by C = A + re^'^, for each A e we have 

/ \dg{0\\C-X\-'dm{0<l3 [ ^-lf^dm{0<(3 [ \C - Xr' dm{0 
Jc\K Jh Is, ~ '^l Jd{x,r) 

Definition 7.4. A function / on a compact subset C C is in the class L(l+a, K) 
(where a € (0, 1]) if the limit 

(7.7) /%)= lim ^^^^^ 

exists for each (nonisolated) (o & K and if there exists a constant k > such that 

(7.8) 1/(0 - /(Co) - /'(Co)(C - Co)l < «IC - Co|'+" 
and 

(7.9) i/'(c)-/'(Co)i<«ic-cor 

for all C, Co G K. 

We need the following consequence of the Whitney extension theorem. 

Lemma 7.5. Each f e L(l + a, i^) can be extended to a continuously differentiable 
function g with compact support such that dg is a Lipschitz function of order a and 
dg{C,) = if Q & K (even though K may have empty interior). 

Proof. It suffices to extend / to a differentiable fimction g with Lipschitz dg and 
dg, for then we simply multiply g by a smooth function with a compact support 
which is equal to 1 on K. Let C, = x + iy, f = fi + if2 and /'(C) = + i/i2(C)) 

where /i,/2 and /ii,/i2 are real valued functions on K. It follows from (7.8) and 

(7.9) that for any C, Co e if 

/i(C) = /i(Co) + /ii(Co)(x - xo) - /i2(Co)(2/ - 2/o) + i?(C, Ci) 

and 

hj{0 = hj{Co) + Rj{C,Co) (i = l,2), 
where R and Rj are function satisfying |i?(C, Ci)| < k|C — Cor"*"" and |i?j (C, Co)| < 
'^IC " Co|"- By the Whitney extension theorem [33, p. 177] /i can be extended to a 
differentiable function gi on C such that the partial derivatives of g\ are Lipschitz 
of order a and 

(7.10) ^ = /zi, ^ = -/.2onif. 
Similarly /2 can be extended to an appropriate function 52 such that 

(■7 ^^\ ^92 , dg2 

(7.11) — = h2, -^=hionK. 

Then g := gi + ig2 is a required extension of / since (7.10) and (7.11) imply that 
dg = OonK. □ 
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In all of the above discussion in this section we may replace a by a^°°^ acting on 
7^°°, which implies that the map Ta. f defined by (7.4) is completely bounded and, 
taking in (7.5) ^ and rj to be in we see that 
(7.12) 

{Ta,f{x),p) = -- f dg{0{x,ia-a)-'p{Cl-a)-')dm{0 = {^,{Ta,Mp)} 

^ Jc\cr(a) 

for each p = r]^ ^* in the prcdual of B('H), where 

(TajW) = -- [ dgiCm - «)"V(C1 - a)-' dm{0 

= -- I MOi.a - a)-'v ® ((CI - a)-')0* dm{C). 

A similar computation as in the proof of Lemma 7.2 shows that the last integral 
exists and that || (Ta,/)tt(p)|| < const. Therefore we conclude that Taj is weak* 
continuous. Further, if S is any weak* continuous (o)'-bimodule endomorphism of 
B('H), then S commutes in particular with multiplications by (^1 — a)~^ and using 
(7.12) it follows that S commutes with Taj. Collecting all the above results, we 
have proved the following theorem. 

Theorem 7.6. For a subnormal operator a G 6(7/) and a function f G L(l + 

a, (7(a)) (a G (0, 1]) the map Taj defined by (7.4) is a central element in the algebra 
of all normal completely bounded {a)' -bimodule endomorphisms ofJi{'H) such that 
[f{a),x] = [a,Taj{x)] = Taj{[a,x]) for all x G 6(7/). (In particular the range of 
df(^a) contained in the range of da and (7.1) holds.) 

Now we are going to show that if o"(a) is nice enough, then the Lipschitz type 
condition on / in Theorem 7.6 can be relaxed: / only needs to be a Schur function. 
First suppose that a{a) is the closed unit disc D. For each r e (0, 1) let /r(C) = 
f{rC). Thus each fr is a holomorphic function on a neighborhood fir of D and 
fr{a) can be expressed as /(a) = /p /r(C)(Cl ~ o,)~^ d^, where is a contour 
in fir surrounding a (a) once in a positive direction. Then for each x € B(7/) we 
have 
(7.13) 

[/r(a),x] = ^^ f{rC)[{C-a)-\x]dC = ^.J^ f{rO{C-a)-'[a,x]{C-a)-'dC 
and also 

(7.14) [fr{a),x] = [a, T,(ar)], where Tr{x) = /K)(C - a)-^x{C - a)-^ dC 

If the set of completely bounded maps Tr on B(7/) (0 < r < 1) is bounded, then it 
has a limit point, say T, in the weak* topology (which the space of all completely 
bounded maps on B(7/) carries as a dual space, see e.g. [6, 1.5.14 (4)]). T commutes 
with left and right multiplications by elements of (a)' (since all Tj. do). From (7.13) 
and (7.14) we see that 

[f{a),x] = T{[a, x]) = [a, Tx] {x G B{H)). 

The same holds for a(") in place of a and x G M„(B(7/)), hence in particular (7.1) 
holds. To estimate the norms of the maps T^, let c on /C 3 7/ be the unitary power 
dilation of a (so that a" = pc^\H for all n e N, where p is the orthogonal projection 
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from K. onto T-L, see e.g. [18] or [28]). Let Sr be the map on B(/C) defined in the same 
way as Tr, that is, in the second formula in (7.14) we replace a by c. Then (since 
fr can be approximated uniformly by polynomials) Tr(x) = pSr{x)\'H for each 
X e B('H), where x is regarded as an operator on K, by setting x\'H-^ = 0. Hence 
llTrll < In the special case when c is diagonal (relative to some orthonormal 

basis of /C) with eigenvalues and x = [xjj], a simple computation shows that 
Sr{x) is represented by the matrix [^-^^^^^i^^^Xij] (where the quotient is taken to 
be if Aj = Hence in this case \\Sr\\ < k since / is a Schur function. Since any 
normal pcrator c can be approximated uniformly by diagonal operators, the same 
estimate must hold for all such c with cr(c) C D. A similar reasoning applies also 
to the completely bounded norm, hence it follows that supQ^^.^]^ ||^r||cb ^ oo* 

Let us now consider the case when o"(a) is the closure of its interior U and U 
is simply connected. Let h he a, conformal map from D onto U. If the boundary 
da{a) of (t(o) is sufficiently nice, say a Jordan curve of class C^, then h can be 
extended to a bijcction, denoted again by h, from D onto U = (j{a), such that h 
and are in the class [24, 5.2.4]. Then by Theorem 7.6 and Lemma 5.5 h and 
are Schur functions. Let oq = h~^{a). Note that {ao,l} generates the same 
Banach subalgebra as {a, 1} since h and h^^ can both be uniformly approximated 
by polynomials (by Mergelyan's theorem). For any Schur function / on a {a) the 
composition /o :— f o h is a Schur function on D. (To see this, note that for any 
A ^ in D we may write /(Ma))-/(Mm)) = /(Mgj-Zjy)) ^ ^(^) 

and that the inequality !1 [a;i,j2/ij"] ||s < I! [^^jj] llsll [2/ij] lis holds for the Shur norm of 
the Schur product of two matrices.) Note that /(a) = /o(ao) and (ao)' = (a)'. By 
the previous paragraph there exists a completely bounded (ao)'-bimodule map T 
on B('H) such that 

(7.15) [/o(oo),a;] = [ao,Ta;] =T([ao,a;]) for all a; e B(:W), 

hence [/(a),x] = [/i~^(a),Ta;] = T([/i~^(a), a;]). Now the map T is not a priori 
normal, but it can be replaced by its normal part T„ in (7.15), hence we may 
achieve that T is normal. By Theorem 7.6 there exists a completely bounded (a)' - 
bimodule map S on B('H) such that [/i~^(a),t/] = [a, /Sy] = S'([a, yj) for all y G 
B('H) and S commutes with all normal (a)'-bimodule maps on B('H) (in particular 
with T). Hence we have now [f{a),x] = [h~^{a),Tx] = [a,STx] and [f{a),x] = 
T{[h-\a),x]) = TS{[a,x]) for all x e B{n). Denoting T^j =TS = ST, we have 
deduced the following theorem. 

Theorem 7.7. For a subnormal a G B('H) suppose that ff{a) is the closure of a 
simply connected dom,ain hounded by a Jordan curve of class C^. Then for each 
Schur function f on a{a) there exists a (normal) completely bounded {a)' -bimodule 
map Taj on B(^) such that [f{a),x] = [a,Taj{x)] = Taj{[a,x]) for all x G B('H). 

In general, the Lipschitz type condition in Theorem 7.6 can be replaced by a 
similar, but less restrictive condition, which involves a regular modulus of continuity 
w in the sense of [33, p. 175] (instead of just uj{t) = f") such that ui{r)/rdr < oo. 
(There exists an appropriate version of Whitney's extension theorem [33, p. 194].) 
But probably even this is to restrictive, for we do not need any requirements about 
dg of the extension g (only requirements about dg). Thus, at least in cases when 
K has a nice boundary, it is worthwhile to try a more direct way of extending 
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functions. We will only consider the case K C M., from which the result can be 
generalized to sets bounded by sufficiently regular Jordan curves. 

Proposition 7.8. If f is a continuously differentiable function on R with compact 
support such that 

(7.16) sup/ / \f{x + A) - f{x + X-h)\ ^"^^ ^ dh dx < oo, 



then f can be extended to a differentiable function g on C with a compact support 
such that dg is bounded, dg\R = and 



sup / |%(C)||C-A|-^dm(C) 

AGR JC 



The condition (7.16) holds in particular if 
(7.17) f\\Ml^dh<oo, 



< oo. 



where 

W^hf'Woo = sup \AU'\ and {A„f'){x) = f'{x - h) - f'{x). 

Proof. An extension g oi f satisfying dg\M. = is given by g{Q) = f{x) + iyf'{x), 
where = x + iy. However, for this g to be differentiable we must assume that / 
is twice differentiable. To avoid this additional assumption on /, let (/) : M — )■ M 
be a smooth function with support in [—1,1] such that J^(f){x)dx = 1, (l)y{x) := 
y~^(j){y~^x), and let 

^^•'^^ " I /(a;), ify = 0. 

Since /' is continuous, (j)\y\ * /' converges to /' pointwise and it follows by a simple 

computation that 9^0 jR = 0. If j/ > 0, 



5o(C) = /(a;)+i / 0(^)/'(i)dt 

U y 



and 



nx) + - f cj^'{^)f'{t)dt+- f cj>'{^)^f'{t)dt 

y Jr y y Jr y y 

f'{x)+i I <f,'{s)f{x- sy)ds+ I (f>\s)sf'{x-sy)ds. 



Denoting ip{s) = s(p{s) and noting that j]g,(t>' (s) ds = = J^ijj'{s)ds (since cj) and 
ip have compact support) and (f){s) ds = I, 2dgo(C) can be rewritten as 

2550(0 / cl>'{s)f'{x-sy)ds + f'ix)+ [ {s) - 4>{s))f' {x - sy) ds 
Jr Jr 

= i [ ^'{s){f'{x-sy)-fix))ds- [ <P{s)if'{x-sy)-f'{x))ds 
Jr Jr 

+ [ ^'{s){f'{x-sy)-f'{x))ds. 
Jr 
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A similar computation is possible also for y < i) and wc thus obtain 
(7.19) 2%o(C) = 0{s){f{x - s\y\) - f{x)) ds {y ^ 0), 

where 9{s) := {i+s)(f)' (s). Let S > and x : C [0, 1] a smooth function depending 
only on the variable y which is equal to 1 on the strip —S < y < d, and equal to 
if \y\ > 1. Set g — xgo- Then g has a compact support, say H, and 

r7 20^ lH\MCm-M-'dmiC) = 

^ ' ' /Hl5x(C)ll5o(C)IIC-A|-2dm(C) + /^|x(C)||%o(C)IIC-A|-2rfm(C). 

Since i9x = on a neighborhood of the real line, the first integral on the right side 
in (7.20) is bounded uniformly for A € M. Since the support of x is contained in 
M X [—1, 1], the second integral on the right side of (7.20) is dominated by 



/ 



\dg{C + X)\\C\~'dm{C). 

-1,1] 



Using (7.19) (and the boundedness of 9) we see that the last integral is dominated 
by a constant multiple of 

^1 \f{x + X))-rix + X-s\y\ 



Iff 



■ ds dy dx. 



x^ + 

Interchanging the order of integration over y and s and introducing new variable 
h = sy instead of y, the last expression transforms into 

(7.21) / /7'"' ^Ii-±^>fPl±A^M ,H is <fc. 

JrJ-iJo x^s^ + h^ 

Interchanging the order of integration over s and h and noting that 



' s _ ln(l + f^) Injx^ + 1) 

o o , ^ CIS — 



H^s-x^ + h'^ 2x^ 2a;2 ' 

we transform (7.21) into 

(7 22) '^IrIo + ^) - /'(^ + ^ - h)\'-^^^dhdx 

-2 4 If'ix + A) - fix + X - h)\'^^ dh dx. 

Since the function a;~^ln(l + x'^) is bounded (by 1) and / has compact support, 
the second double integral in (7.22) is bounded uniformly in A. The first double 
integral in (7.22) is dominated by 



Jo "^''^"-A" ln(l + ^))d. = .y^ -^^dh = 2.J^ 



dh. 

□ 



We note that the continuity of /' in Proposition 7.8 is not essential since the 
area of M is and in the proof of Lemma 7.1 it suflaces to require that d\a{a) = 
m-almost everywhere. (Also (7.2) still holds if g fails to be differentiable on one line 
only.) Further, the condition (7.17) for a compactly supported function / implies 

that dh < oo (to see this, apply Lagrange's theorem to the function 

A/j/), which means that / is in the Besov space B^^ i(K)- Since for selfadjoint a 
the condition / e i(R) suffices for ||[/(a), a;]|| < K||[a,a;]|| {x G B{'H)h) by [30], 
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it would be interesting to know if the condition (7.16) allows compactly supported 
functions which are not in B^^ 
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